Skyrmions in the Moore— Read state at v — 5/2 
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We study charged excitations of the non-abelian Moore-Read liquid at filling factor v — 5/2, 
allowing for spin depolarization. Using a combination of numerical studies, and taking account of 
non-zero well widths, we find that at sufficiently low Zeeman energy it is energetically favourable 
for charge e/4 quasiholes to bind into "skyrmions" of charge e/2. We show that skyrmion formation 
is further promoted by disorder, and argue that this can lead to a depolarized v = 5/2 ground state 
in realistic experimental situations. We comment on the consequences for the activated transport. 

PACS numbers: 73.43.-f, 71.10.Pm 



The v = 5/2 quantum Hall state [H, 0] has been inten- 
sively studied in recent years, mostly due to accumulating 
evidence that it realizes a non-abelian phase of matter - 
the Moore-Read state [§| - which could serve as a plat- 
form for topological quantum computation Q • A crucial 
step toward identifying the experimental v = 5/2 state 
as the Moore-Read phase [H, M, 0] is to demonstrate full 
spin polarization. Numerical simulations of model sys- 
tems point strongly to a ground state that is fully po- 
larized 7, 8, 9]. However, the experimental situation re- 
mains unclear || ■ This issue has been reopened by recent 
experiments showing evidence of a depolarized ground 
state fioj ] and emphasizing 

.11] 

the unusual parallel field 
dependence of the activation energy [2j. Resolving this 
discrepancy has suddenly emerged as an important chal- 
lenge. 

In this Letter, we study spin polarization and charged 
excitations of the half-filled second Landau level (LLi). 
An important factor known to influence spin dynamics in 
LLi [12j | but remaining unexplored in the context of v = 
5/2 is the non-zero width w of the quasi- two-dimensional 
electron layer. Indeed, the leading Coulomb pseudopo- 
tentials for a spin-singlet pair of electrons in LLi soften 
considerably (relative to spin-triplet) upon increasing w 
to the order of a magnetic length A = y/hc/eB. The re- 
sults of our exact diagonalization (ED) studies 25] show 
that while the v = 5/2 state remains spin-polarized, its 
charged excitations can become depolarized "skyrmions" 
at the experimentally relevant widths w ^ A. 

Skyrmions at v — 5/2 are qualitatively different from 
those studied previously at v = 1 or 1/3 [l3|, 14 1. 
Their charge is twice that of the fundamental excitation, 
q = e/4. Thus, the 2g-charged skyrmion at v = 5/2 
can be viewed as a bound pair of like quasiparticles 
(QPs), held together against their Coulomb repulsion by 
a spin-texture. This binding of QPs into skyrmions has 
the striking consequence that skyrmion formation is pro- 
moted by disorder: disorder can act to trap and confine 
QPs to a potential well, thereby facilitating their binding 
into skyrmions. We show that this process can lead to 
a depolarized ground state under realistic experimental 



conditions. We suggest that this may account for the 
experimental observations of a reduction of polarization 
[lfj , and may play a role in the parallel field dependence 
of the activation energy 0, [ll| • 

Skyrmions in (ferromagnetic) quantum Hall liquids are 
topological excitations in which the local spin orienta- 
tion wraps once over the surface of the spin sphere. The 
coupling of spin and orbital degrees of freedom causes 
a skyrmion to appear as a single effective magnetic flux 
quantum, leading to a net charge z/e where v 1 is the fill- 



ing fraction of the partially occupied LL [13j. (To be 
definite, we use the term "skyrmion" to denote the ex- 
citation with a net reduction of particle number, and 
"anti-skyrmion" for the excitation with a net increase.) 
At v — 5/2 the partially occupied LLi is half-filled, so 
the skyrmion has charge e/2. For vanishing Zeeman en- 
ergy, the energy of a large skyrmion is e s k y = 47r/9 s , and 
the spin stiffness p s can be found from the dispersion 
of a single spin wave. We used ED on a sphere to cal- 
culate the energy spectra of N electrons in LLi, with 
one spin flip, at the magnetic flux N$ = 2N — 3 cor- 
responding to the Moore-Read polarized ground state. 
Long wavelength spin waves have quadratic dispersion, 
E N/2 -i(L) = E N/2 (0) +8ttN- 1 Ps L(L+1), where E S {L) 
is the A-electron energy as a function of total spin S and 
angular momentum L. As (for the numerically accessi- 
ble N < 16) only the L = 1 spin wave state falls below 
the continuum of polarized excitations, we estimate p s by 
regression of £V/2-i(l) vs - A^ , as shown in Fig.QJa). 

It is important to note that the skyrmion, or anti- 
skyrmion, has twice the charge of the elementary quasi- 
hole (QH), or quasielectron (QE). Therefore, in order 
to gauge stability, the skyrmion (anti-skyrmion) energy 
£ s k y must be compared to the energy of a QH (QE) pair 
created in the same polarized ground state by adding 
(removing) one flux quantum, but without causing de- 
polarization. The relevant qua ntit y in this context is 
the "neutral" QP energy e N [lfj, llal. different from the 
(more common) "proper" energy e [15j by an appropriate 
fraction (here, ±1/8) of the ground state energy per par- 
ticle. Using the ground state and proper QP energies at 
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FIG. 1: (color online) (a) Extraction of the spin stiffness p 8 at 
v = 5/2 from the long- wavelength part of the spectra Es(L) 
with a single spin flip (E, S, and L are the energy, spin, and 
angular momentum of N < 16 electrons on a sphere, at flux 
Nff, = 2N — 3). (b) Comparison of the skyrmion energy 4np 3 
and the neutral QP energies e N , establishing the skyrmion 
as the lowest positively charged excitation for sufficient layer 
widths w (A is the magnetic length; A = eqh + £qe). 



v = 5/2 [null we find the width dependencies of £qjj 

and £q E (with similar relations to the gap A = £qh+£qe 
as reported earlier for other states in LLi [16|]). The com- 
parison of e s k y (u') and 2£q P (w) in Fig. |Tf b) yields the 
prediction that a critical width w c of the order of A is 
sufficient to induce transition from QHs to skyrmions as 
the lowest energy positive excitations at v = 5/2. In con- 
trast, for all widths w we have studied, our results show 
that the anti-skyrmion has higher energy than a QE pair. 

Since QHs of the Moore-Read state exhibit non- 
abelian statistics, the binding of two QHs into a skyrmion 
allows for two distinct fusion channels (1 and ip) [2fj| . 
The case that we have described above - in which the 
skyrmion has energy 47rp s - refers to the fusion channel 
"1" in which the spin-texture consists of the Moore-Read 
ground state with no unpaired fermions. Pairing in the 
^-channel corresponds to a skyrmion spin-texture in the 
presence of an additional neutral fermion excitation (in a 
finite system, this arises for an odd number of particles). 
As we have confirmed by ED for N < 20, for skyrmion 
configurations (with two bound QHs) this unpaired neu- 
tral fermion has a positive energy. Thus, the fusion of 
QHs into a skyrmion has lower energy in the "1" chan- 
nel. In view of this, we shall focus mainly on this fusion 
channel, using finite size studies with even N . 

The above considerations apply in the case of vanishing 
Zeeman energy E%, when the skyrmion has infinite size. 
In order to understand the properties at E% > 0, we have 
conducted extensive ED studies of depolarized states at 
v = 5/2, using the spherical geometry [21|, with Coulomb 
repulsion modified by the layer width w 25]. An (infi- 
nite) skyrmion is represented on a sphere by a maximal 
spin-texture which uniformly covers its surface. In order 
to compute the ground states with the proper quantum 
numbers L = S — we used a projected Lanczos pro- 



FIG. 2: (color online) (a) Charge and spin pair correlation 
functions (g and /) of skyrmion states ^2 = <S +( 3>mr and 
5'_2 = <S + <E>m R at v — 5/2, compared to their Pfaffian par- 
ents, calculated for N — 12 electrons and layer width w — 3A. 
(b) Single-electron charge and spin-flip densities (g and 7) of 
the finite-size skyrmions with an intermediate size K = N/4. 



cedure, carried out in the subspace defined by (L Z ,S Z ) 
but restricted to the relevant eigensubspace (L,S). This 
enabled efficient generation of the spin eigenstates with 
dimensions reaching 1.4 x 10 9 for N — 12 and N$ = 26. 

Skyrmions >S + $ (anti-skyrmions S~<f>) can be antici- 
pated at the values of flux one quantum above (be- 
low) a polarized "parent" ground state <I>. For v = 5/2 
this parent could belong to the universality class of ei- 
ther the Moore-Read (Pfaffian) state $mr or its particle- 
conjugate ( "anti-Pfaffian" ) 'I'mR' on a sphere charac- 
terized by the "shifts" a = 2N - = 3 and -1, 
respectively. This gives four possible skyrmion candi- 
dates VPo- identified as: ^4 = 5~<I>mr, ^2 = 5 + <E>mr, 
*o = S~$m R , an d *-2 = 5 + $mr- Indeed, in the en- 
ergy spectra Es(L) obtained for N < 12 (and for differ- 
ent widths w < 3A) we find that only at those four shifts 
a = 4, 2, 0, —2 are the lowest S = states consistently 
nondegenerate (L — 0). Furthermore, at each width w, 
their ground state energies per particle all extrapolate to 
the same value as that of their polarized parents. 

Features of the correlation functions of ^ a fully sup- 
port their interpretation as skyrmions. As shown on two 
examples in Fig. [2ja), their charge pair correlation func- 
tions g = gii+g-\i are virtually identical to those of their 
polarized parents. Moreover, an extended spin-texture is 
clearly revealed in a smoothly decreasing spin correlation 
function / = g^ / g (an initial increase of / at short range 
being irrelevant due to the vanishing g). Our results for 
fj = 2 are consistent with those of Morf [tJ . 

Focusing now on \l/2) let us compare it to the following 
trial wave function of an ideal skyrmion. At v = 1, the 
skyrmion wave function ^sky can be written as the wave 
function $ of a polarized filled LL times an additional 
factor describing the spin-texture [19(. The latter factor 
formally represents a many-body state of spinful bosons 
experiencing the (single quantum of) flux added to the 
v = 1 parent, and it is uniquely defined by L and S. Here, 
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TABLE I: Squared overlaps of the trial skyrmion states 
'I' sky and $st y and their Pfafnan parents $mr with the exact 
Coulomb ground states (unpolarized 9 2 and polarized $3) for 
TV = 10 electrons and layer widths w — and 3A. 



w/X 


<* sky |* 2 )| 2 


l(*s ky l*2)| 2 


(*mr|* 3 ) I 2 





0.51(3) 


0.5186 


0.7016 


3 


0.71(1) 


0.7394 


0.8310 



we extend this idea to a polarized parent at v — 5/2, in 
the following chosen to be the Moore-Read state $mr 
. The skyrmion state ^ s ky is constructed from $ by 
attaching a unique spin-texture. The expression in the 
spherical coordinates Ui and Vi |2l| is fairly simple 



*sky({w 4 ,-y 4 }) = V 



$({lli,Vi}) x 



(1) 



Before projection V onto the global singlet S = 0, this 
state describes a radial spin-texture and (like at v = 1) 
combines eigenstates with different L = S. The squared 
overlaps of ^sky with the unpolarized Coulo mb g round 
state ^2 were calculated in a standard way [22j. The 
values for ^ s ky derived from $mr are given in Table U 

We have also constructed an alternative trial skyrmion 
state *s ky , as the ground state of a model Hamiltonian 
-ffsky = V (0) + W 3/2 {3) + eVo(2), where e « 1, and 
Vs (to) and Ws (to) are the pair and triplet pseudopoten- 
tials. The resulting state, ^>' sky: is essentially the same as 
^sky defined above (squared overlap of 0.96 for N = 12). 
By tracing the successive action of each term we found 
that the (moderate) overlaps with ^2 are largely lost at 
the stage of enforcing triplet correlations. This reflects 
the fact that the Pfafnan $mr is not a very accurate 
description of the Coulomb ground state $3 [6, 8], here 
acting as the skyrmion's parent. Indeed a comparison 
(Table Q]) of the overlaps of ^' sky or ^ s ky with the ex- 
act Coulomb skyrmion state shows that the reduction in 
total overlap is comparable to that between $mr and $3. 

We have also examined the partially polarized spectra 
at a = 4, 2, 0, —2. Finite skyrmions of size K < N/2 
on the sphere have L = S = N/ 2 — K [l9j . As shown on 
a few examples in Fig. [2fb), the plots of single-particle 
charge and spin- flip densities (g = g-\ + Q{ and 7 = gj g) 
calculated in the lowest Coulomb states at L z = L = 
S z — S — 1, 2, . . . indeed reveal accumulation of charge 
2q and spin K over a finite area oc K around a pole. 

We now turn to study the competition between the fi- 
nite skyrmions and the spinlcss QPs. The analogy with 
v = 1 or 1/3 fails, as skyrmions at v — 5/2 carry two 
charge quanta (2q — e/2), which allows their sponta- 
neous break-up into pairs of repelling QPs. In order to 
resolve the issue of stability, we have carefully compared 
the skyrmion and 2QP energies, including the electro- 
static corrections to compensate for finite-size effects 
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FIG. 3: (color online) (a) Dependence of energy E (counted 
from -E s ky at S = 0) on spin S, for N = 12 electrons at flux 
Nff, — 20 and 22. Solid and dashed lines connect the ground 
states and the lowest L = S states at each S. The ener- 
gies include electrostatic corrections defined in the text, (b) 
Phase diagram in the plane of Zeeman energy Ez and lateral 
harmonic confinement Tiu), showing transitions between var- 
ious states: two e/4-charged quasiholes (QHs); two charged 
spin-textures (CSTs); or one skyrmion (L — S). 



due to different spatial extent of the involved carriers. 
(At 5* = 0, there is no correction as the charge distribu- 
tion is uniform; at S = N/2 we assume, as standard, a 
concentrated charge; a cubic interpolation is applied.) 

As illustrated in Fig. [3ta) for N = 12 and w = 3A, 
the skyrmion/anti-skyrmion asymmetry is very strong 
at v = 5/2. In agreement with FigHJ large skyrmions 
are energetically favoured over the QHs, but large anti- 
skyrmions have higher energy than the QEs. As ex- 
pected, the finite skyrmions characterized by L = S are 
no longer the lowest states when spin polarization be- 
comes too high. The emergence of lower-energy states 
at K < N/A signals the break-up of a skyrmion into 
two separate objects (whose counter-aligned angular mo- 
menta give rise to the observed oscillation between L = 
and 1). At full polarization, the two objects are Moore- 
Read QHs; below that, they are g-charged spin-textures 
(CSTs) formed around the individual QHs 0,[27]. 

For a clean (disorder-free) sample, we find that, while 
the v — 5/2 ground state remains polarized at Ez = 0, 
the nature of its charged excitations (in sufficiently wide 
wells) depends on Ez- For large Ez the activation gap 
is set by the energy of a single (polarized) QE-QH pair. 
For small Ez, these are replaced by CSTs. The minimal 
activation gap is never expected to involve a skyrmion, 
as this requires creation also of two — e/4 QEs (or CSTs). 

Skyrmions can become relevant in a clean sample when 
dilute QHs are introduced into the ground state by tuning 
to v < 5/2. From FigJ^b), dilute QHs will convert to 
CSTs for Ez ^ 0.01 e 2 /A and then pair up into finite- 
sized skyrmions for E z < 0.003 e 2 /A. At v > 5/2, dilute 
QEs may convert into CSTs at small Ez; however they 
are not expected to bind into anti-skyrmions. Since the 
skyrmion is formed by binding two QHs, its stability may 
be enhanced by a non-zero QH concentration. Thus, with 
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increasing the QH density at fixed Ez, a Wigner crystal 
of QHs could convert into a Wigner crystal of skyrmions. 

Real experimental samples always involve some disor- 
der. This can lead to skyrmion formation in the ground 
state. Even at the centre of the v = 5/2 plateau, long- 
range disorder can nucleate puddles of QHs and QEs, 
which can evolve into CSTs or skyrmions at small Ez- 
In states like v = 1 or 1/3, disorder acts to disfavour 
skyrmions, as it reduces the size of trapped carriers. Sur- 
prisingly, the effect of disorder at v = 5/2 is the oppo- 
site: it can act to bring two repelling QHs together and 
therefore promote their merging into a skyrmion. In or- 
der to investigate these effects, we have studied two QHs 
in a lateral harmonic confinement of strength hit), which 
models the potential in a local minimum of the disorder. 
From the ED results for the ground state energy Es(L), 
we construct the phase diagram shown in Fig. [3jb). This 
shows that, as disorder strength (fiw) is increased, the 
skyrmion is stable up to larger values of E%. 

Our results show that, for GaAs samples where v = 
5/2 occurs at B < 6T, QHs may bind into skyrmions if 
assisted by disorder. This follows from FigJ3^b), where 
the reduction of spin from its maximal value occurs for 
Ez iS 0.014 e 2 /A. However, we emphasise that this nu- 
merical value is subject to significant uncertainty owing 
to finite size effects. Still, our results make the clear 
qualitative point that, even at the centre of the v = 5/2 
plateau, in samples with sufficiently low Zeeman energy, 
the ground state will not be fully polarized: QHs trapped 
by disorder will bind into skyrmions causing depolariza- 
tion. We suggest this could account for the experimental 
evidence of the lack of spin polarization at v = 5/2 (loj . 

The appearance of this unpolarized ground state may 
have consequences for the activated transport. The situ- 
ation is very different from v = 1 or 1/3, where skyrmions 
are the charged carriers and increasing Ez increases the 
activation gap. At v = 5/2, skyrmions can form in a (dis- 
ordered) ground state. Activated transport will still in- 
volve the motion of e /4 excitations (the minimal charged 
object), but now hopping of QHs will have an activa- 
tion energy that includes a contribution to overcome their 
binding into skyrmions, which decreases with increasing 
Ez . This effect could potentially account for the observed 
reduction of activation energy with small in-plane fields 
@; G3 ■ We further note that the tendency toward binding 
of topologically nontrivial QHs into topologically trivial 
skyrmions could strongly affect interference experiments 
designed to probe non-abelian statistics [2~i ]. 

In conclusion, we have shown that for realistic widths 
w > A the QH excitations of the v = 5/2 Moore- Read 
state can bind to form skyrmions at small Zeeman en- 
ergy. Long-range disorder acts to bring trapped QHs 
together and to promote skyrmion formation. This can 
lead to a depolarized ground state even at the centre of 
the plateau. This may account for recent measurements 
of spin-depolarization [10(, and for the unusual in-plane 



field dependence of the activation energy [2j, |ll| 
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